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ABSTRACT 
 

The classical kinetic models dealt with homogeneous systems and homogeneous processes or what is called well-

stirred systems. However, the thorough study of nature and the human body revealed the fractal nature of it, and 

the linearity between the input and output is no longer valid. System of fractal and disordered nature demanded 

satisfactory under dimensional constrains. In this review, some of those efforts are discussed. Fractal aspects in 

drug absorption from the gastrointestinal tract after oral dosage form was described by many models, here we 

emphasized only those which related to the derivation of time-dependent absorption rate coefficient. Also, for 

drug distribution, the description of heterogeneity of process related to blood vessel structure was proposed. For 

drug elimination, the emphasis was put on the derivation of a new form of Michaelis –Menten equation based on 

time dependency and fractal rules to describe drug metabolism as a key elimination process. 
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INTRODUCTION 

Fractals in mathematics are infinitely complicated abstract objects used to describe and simulate naturally 

occurring objects. Fractals commonly exhibit similar patterns at increasingly small scales also known 

as expanding symmetry [1]. If this replication is the same at every scale, it is called a self-similar pattern [2]. 

Fractals can also be nearly the same at different levels. 

The work of Mandlbroth in fractals had a huge contribution to the aspects of "fractals" in mathematics which 

opened the door to many observations [3]. 

One way that fractals are different from finite geometric figures is how they scale. Doubling dimension of some 

geometrical shapes results in increasing its area increased more than double like the polygon [4]. And thus, a 

power law can be extracted. However, if a fractal's one-dimensional lengths are all doubled, the spatial content of 

the fractal scales would be by a power that is not necessarily an integer. This power is called the fractal 

dimension of the fractal object, and it usually exceeds the fractal's topological dimension [5,6]. 

Biopharmaceutics and pharmacokinetics are the bridge between drugs in dosage form and drug in the receptor 

sites. Biopharmaceutics examines the interrelationship of the physical/chemical properties of the drug, the dosage 

form (drug product) in which the drug is given, and the route of administration on the rate and extent of systemic 

drug absorption [7]. Pharmacokinetics (PK) is the study of the time course of the absorption, distribution, 

metabolism, and excretion (ADME) of a drug, compound, or new chemical entity after its administration to the 

body [8]. 

Dealing with biopharmaceutical PK processes needs an understanding of the human body as part of nature. Since 

fractal structures and processes are now observed in the living things, the study of the human body on this 
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base becomes necessary. For example, lungs, vascular system, neural networks, the convoluted surface of the 

brain showed fractal structures [9]. Also, with the surface of materials like drug particles, fractal geometry is 

observed [10]. These observations enabled scientists to put a more realistic explanation of biological processes 

and reactions. 

The fractal aspects in nature and measuring fractal dimensions depends on two things; first, the self-similarity and 

second, is the scaling power law. 

Self-similarity simply means when the object is examined, smaller parts are similar to the larger ones. So, the 

dimension of this object depends on the number of decreasing self-similar objects. This dimension is called 

"capacity dimension" [11]. 

The power scaling is the quantification of a process in which the fractal objects go in. This means the observation 

is calculated as a result of the power relation of the income and outcome [12]. 

So, dimensions of fractal objects are described sometimes as non-integer unlike the classical way of 1,2 and 

3- dimensions calculations [13]. 

The degree of irregularity of a fractal object is quantified with a “fractal dimension” (df). Several equations were 

proposed to calculate this dimension using self-similarity rules or power laws [10]. 

Fractal aspects of oral drug absorption 

There are three different definitions of drug absorption. Traditionally, absorption occurs when the drug reaches 

the systemic circulation, or sometimes when it reaches the portal vein bloodstream. In recent years, a new 

definition is presented, in which drug is assumed to be absorbed when it leaves the lumen and crosses the apical 

membrane of the enterocytes lining the intestine. It is important to distinguish among these definitions when the 

kinetics study is performed [6]. 

The complex interrelationships between drug properties and the gastrointestinal characteristics have always made 

prediction and quantification of drug absorption a difficult task. 

Drug absorption depends on multiple factors, from the physicochemical properties of the drug such as solubility 

and permeability to the physiological factors and variables that contribute to this process [14, 15]. 

The classical models that described drug absorption started long ago with pH-partition theory [16] in which the 

major factor that was thought to affect the absorption process was the pH-pKa relationship and degree of 

ionization. This theory took into consideration that the mechanism of absorption is "passive diffusion" and follows 

"Fick´s laws of diffusion" [17]. However, deviations from this theory were explained according to differences in 

the unstirred layer, microclimate, and mucous effect [18].  

The further step was taken when the lipophilicity and partition coefficient was taken into consideration in the 

calculation of the absorption potential (AP) of a drug [19, 20]. 

Several other models were used to get closer models to fit data of drug absorption like the "convective dispersion 

model" [21], "compartmental model" [22], "microscopic approach" [23]. All these models assume a "homogenous 

system" that is no longer convincing in light of clear heterogeneity of the gastrointestinal tract (GIT). For example, 

the upper GIT movement is highly affected by the food state while the movement of the lower part is generally 

affected by residence and pressure generated by contractions [24]. Studies of Nitmann and VanDamme suggested 

that movement of chime to more narrow spaces made "friction" and topological distribution of particles more 

important than diffusion laws [25]. When the less viscous fluid moves toward more viscous fluid, the interface 

ripples and becomes extremely mending (fractal). Such results were obtained by Bhaskar et al. in 

studying HCl and pepsin secretion in the stomach [26]. 

Drug absorption has been described in a homogenous system by equation (1): 𝑞𝑎(𝑡) = 𝐹𝑎. 𝑞0. 𝐾𝑎. 𝑒−𝑘𝑎𝑡                                                  (1) 

Where (qa) is the amount of drug absorbed at the time (t), (Fa) is fraction absorbed, (q0) is the amount of drug, (ka) 

is first-order absorption rate constant. This model does not comply with stochastic principals [27]. Here, the 

absorption rate constant is calculated, and the fraction absorbed move exponentially with time as the first-order 

process. For transporter-mediated absorption, the Michaelis-Menten model was adapted by many scientists 

[28,29]. The more realistic model should take into consideration the heterogeneity of GIT and fractal principals 

of drug dispersion described above. The random walk of a diffusing molecule is given by equation (2) [6, 30]. 𝑍𝑡2 ∝ 𝑡2/𝑑𝑤                                           (2) 
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Where Zt
2  is the mean square displacement of the walker, dw is the random walk dimension (the value of dw is 

larger than 2, typically 2.8 for 2-dimension and 3.5 for 3-dimension, so the overall exponent is less than 1).  

In a homogenous well-stirred system, the rate constant does not change with time. But in heterogeneous systems, 

this constant is "time dependant" all the time as shown in equation (3) [31]. 𝐾 = 𝐾𝑜. 𝑡𝜆                                          (3) 

Where K is the time-dependent coefficient, Ko is the constant, and λ is different from zero and it is the outcome 
of two phenomena, heterogeneity (a geometric disorder of the medium) and the imperfect mixing conditions. 

So, for most drugs, the in-vivo dissolution rate constant and absorption rate constant is time-dependent. (Ka =K1tα) 

if the process is absorption and (Kd=K2tβ) if the process is dissolution. 

Thus, the absorption process under these conditions can be described by equation (4) : 𝑞𝑎(𝑡) = 𝐾𝑎𝑞𝑎(𝑡) = 𝐾1𝑡𝛼 𝑞𝑎(𝑡)                              (4) 

Where qa is the dissolved quantity of the drug in the GIT, (α and β ≠0) 
Consequently, this equation provides a theoretical basis for the empirical power functions of time-dependent 

processes [32,33]. The values of ɑ and β link the physic-chemical properties of a drug to the topology of GIT 

content and the distribution of particles. The late one is very important in fractal kinetics [34]. 

Based on the above consideration, drugs may be classified broadly to "drugs with homogenous absorption" and 

"drug with heterogeneous absorption". Drugs with homogenous absorption are those drugs that have enough 

solubility and permeability which dissolve and absorbed in conditions resemble "well-stirred system" while drugs 

with heterogeneous absorption kinetics transverse the GIT and exhibit limited bioavailability and high variability 

[35]. 

Understanding the fractal nature of the absorption process makes it unreliable to use "mean" or "median" values 

along with the whole GIT due to the complexity of the process and periods of stasis [36]. Also, poor in-vitro-in 

vivo correlation is expected for drugs of class II and IV BCS which makes routine dissolution test results not 

representative of bioavailability and bioequivalence studies [37]. As a result, values of Cmax and AUC measured 

from large numbers and compared statistically sometimes up to 90%CI and attributed to the "variation"  and 

dispersion error. While in fractal kinetics of absorption, Cmax, Tmax, and AUC are largely dependent on ɑ and β 
[38]. What is described as "randomness" can be caused by the "time dependency" of the rate coefficient of the in-

vivo process [39]? 

From the observation above, the comparison of bioavailability parameters in bioequivalency studies may be taken 

into consideration to a level of outcomes rather than rigorous statistical tests of mean values. 

Fractal aspects in drug disposition / Heterogeneity and heterogeneous processes 

The routine collection of experimental data in PK is usually done by entering the drug molecules into the system 

and subsequent sampling at different time intervals to follow the decline of the drug in the plasma due to 

distribution and elimination processes, then treating data by mathematically by models known as empirical 

models. 

Empirical models include “exponential profile” which differentiates concentration concerning time in which the 

relative variation of concentration divided by variation of time is constant. In the power-law profile, also the 

concentration is differentiated vs. time but, the constant represents “relative variation” of concentration divided 
by “relative variation” of time [40, 41]. While the Gamma profile may be considered a mixture of exponential 

and power-law [42]. 

The sum of the negative exponential of data of the previous laws is assumed in the well-stirred compartments. 

Again, the heterogeneous characteristics of processes in the body like distribution and elimination require the 

development of more realistic models. Fractal kinetics could be applied to describe kinetic processes under 

heterogeneous conditions. 

Particularly in PK, Macheras, and Savageau were among the first who published on fractal kinetics and modeling 

[43]. Macheras’s work contributed in the illustrations of fractal aspects in absorption [44], distribution [30,45] 

stochastic processes [46], Michaelis–Menten metabolism [47], and carrier-mediated transport [48]. 

 

Distribution Process 
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Blood flow in the arteries and veins is subjected to many descriptive models. It is now known that “bifurcating” 
networks are the characteristics of the vascular network in humans. The blood vessels continuously bifurcate to 

generate and more branching for approximately 96000 km length of vessels [9].  

Van Beak et al. developed a model that describes blood flow in the vascular system. However, the model gives 

only a simple description of the fractal network but can be used to describe other systems of heterogeneous 

distribution [49,50]. 

Regarding drug distribution and movement between the arterioles and venous network, when the drug reaches the 

area of the arterial-venous junction will enter another heterogeneous environment. Based on this, drug distribution 

can be classified into two broad classes ; homogeneous distribution and heterogeneous distribution. 

Drugs with homogeneous distribution are those drugs with physico-chemical properties that allow them to leave 

from arteries to the adjacent tissues and reach only well-perfused tissues and return rapidly to veins [51]. These 

drugs obey homogeneous models of disposition. Thus, the upper part of the vascular system and the well-perfused 

adjacent system comprise a homogeneous compartment. While, blood flow to the terminal arterioles endings go 

deep in the tissue and slows down, here the deviation occurs from homogeneous to heterogeneous “unstirred” 
system. This transport limitation was formally described as “membrane permeability limited transport” in the 
physiological system [52]. 

So, in drug distribution that is described inhomogeneous system, a rate constant of drug movement to the tissues 

is calculated and the process is described as a first-order process [52]. 

It was found that distribution in disordered media, the value of rate constant is related to the geometry of the media 

[3]. Here, the diffusion is hindered by geometric heterogeneity which can be expressed in terms of fractal and 

spectral dimensions. This distribution of drugs can be described using fractal geometry using spectral dimension 

(ds). For ds ≤ 2, drugs are likely to stay in its original vicinity and re-cross its starting point creating a 

mesoscopic depletion zone around trap (eg. Enzyme). This dense fluctuation of drug movement results in 

entailing the macroscopical rate coefficient. Subsequently, the macroscopic reaction rate which is given 

by deriving n(t) can be described as “efficiency” of diffusing reacting drug as shown in equation (5) [6]. 

K(t) α n(t) αt –(1-ds/2) = t-λ    (5) 

Where 0 ≤ λ ≤1 and 0≤ ds≤ 2 and the minus sign refer to the decrease in (k) with time. This time-dependent rate 

constant in the form of the power law is the expression of microscopic anomalous diffusion in a fractal dimension 

which leads to anomalous kinetics [53]. 

Fig (1) shows the difference between homogeneous and heterogeneous distribution in the vascular network [11]. 

  

 
Fig. 1 : Homogeneous (in the well-perfused tissues” versus heterogeneous (in the deep tissues) distribution. 

  

Elimination 

Regarding the elimination process in the liver, metabolism, or biotransformation of drugs, the liver has an unusual 

microcirculatory pathway. The portal vein, hepatic artery, and hepatic vein comprise the microcirculation of the 
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liver. While microcirculation involves hepatic arterioles and sinusoids [54]. The sinusoids form a 3-dimensional 

network and form interacting channels with the lobules [55]. 

It has been a long time since the Michaelis-Menten model was established to measure metabolic activity 

using isolated enzymes or rat liver microsomes : 

 
Where E is an enzyme, S substrate, P product (of metabolism), and ES is enzyme-substrate complex. And the 

velocity of the reaction was described by the Michaelis-Menten equation. 𝑉 =  𝑉𝑚𝑎𝑥.𝑆𝐾𝑚+𝑆                                        (6) 

Where V is the velocity of reaction, Vmax is the maximum velocity at steady –state, Km is Michaelis-

Menten constant (described in equation 7) and S is the substrate in reaction [56]. 

Km = (K-1+K2)/K3                             (7) 

Later, to incorporate physical factors and intrinsic clearance of the liver, another equation was developed to 

describe hepatic clearance under steady-state conditions [57].  

Cl(H) = 𝑄.𝐹𝑢.𝐶𝑙(𝑖𝑛𝑡)𝑄+𝐹𝑢.𝐶𝑙(𝑖𝑛𝑡)                           (8)                                    

 

Where Cl(H) is hepatic clearance, Q is hepatic blood flow, Fu is fraction unbound of the drug in plasma, and Clint 

is the hepatic intrinsic clearance. 

The establishment of in-vitro-in – vivo correlation is always the major issue of dealing with drug metabolism. 

Assuming the “parallel model” that the liver receives blood in parallel series representing the sinusoids, another 
equation was developed. 

 𝐶𝑙(𝐻) = 𝑄[1 − 𝑒(−𝑓𝑢.𝐶𝑙(𝑖𝑛𝑡)𝑄 ) ]                     (9) 

  

In which the relation between ClH and fu. Clint and Q are exponential [58]. However, in both models, again the 

perfect “mixing” is assumed and there is still difficulty in predicting the in vivo metabolic rate of various drugs. 

The fractal aspects in hepatic metabolism are characterized by observing different anatomical characteristics of 

the liver as it is considered as “fractal object” by many authors because of self-similar structure [59,60]. 

Javanard examined and measured the fractal dimensions of the liver by using ultra-sounding scattering as df = 2 

over a wavelength of 0.15- 1.5mm [61]. So, instead of considering the liver as an organ that is divided into lobules 

in which blood flow parallel, it is now described according to the fractal design as enzymes adhere along the inner 

wall in many layers. By this, a large number of enzymes explains the high reaction rate despite time-

dependent fractal kinetics [62]. Berry studied the enzymatic reaction using Monte Carlo simulation in a 2-

dimensional lattice found that the fractal kinetics are increasingly pronounced as obstacle density, also, the rate 

constant was a time-dependent coefficient since segregation occurs due to the fractal reaction of the reaction media 

[63]. 

Using a flow-limited physiological model, Frite et al. were able to explain the non-linear PK of mibefradil in dogs. 

They measured the df of the dog’s liver as 1.78-1.91 which is close to 2. [64].  

Marsh and Tuzynski introduced a model based on fractal kinetics with anomalous reaction order as a 

physiologically based mechanism that generates power-law tails using only one compartment. The model was 

applied to mibefradil metabolism and interpreted in terms of the anatomy of the liver. They concluded that in the 

under-stirred heterogeneous spaces, the steady-state fractal kinetics describes the kinetics the best, this is due to 

the continuous influx of drug molecules and recycling in the circulatory system [47]. 

Kosmidis et al. further investigated the anomalous kinetics of the liver based on the assumption that the substrate 

molecules are not constant inside the liver and that they exit from the liver at time t and will return to it sometime 

later. They also assumed that this time of delay is not constant, but it follows Gaussian distribution with mean T 



Israa Al-Ani et al.                                                        Int.J. Pharm. Res. Allied Sci., 2020, 9(4):55-63 

60 

and variance σ2, E, and C remain inside the liver and that only P and S get out and return through the circulatory 

system. 

The model differentiated between time differences after I.V bolus dose and oral administration of drug where it 

enters the liver via the portal vein after it is absorbed. Thus, the mathematical model for the in vivo MM reaction 

takes the form : 

 

 dPC𝑑𝑡 = dPE𝑑𝑡   = 𝐾1𝑃𝐸𝑃𝑆 − (𝐾 − 1 + 𝐾2)𝑃𝐶                 (10) 

 𝑑𝑃𝑆𝑑𝑡 = 𝐾1𝑃𝐸𝑃𝑆 + 𝐾 − 1𝑃𝐶 + 𝑅𝑆𝑒𝑥𝑡(𝑡) − 𝑎1𝑃𝑆 + ∫ 𝑎2𝑝𝑠𝑢=𝑡𝑢=0 (𝑢) 𝑒−((𝑡−(𝑢+𝑇))22𝜎2√2𝜋  𝜎  𝑑𝑢         (11) 

 𝑑𝑃𝑝𝑑𝑡 = 𝐾2𝑝𝑐 − 𝑎1𝑃𝑝 + ∫ 𝑎3 𝑃𝑝(𝑢) 𝑒−((𝑡−(𝑢+𝑇))22𝜎2√2𝜋  𝜎  𝑑𝑢 𝑢=𝑡𝑢=0           (12) 

 

Where pi is the concentration of species i at time t, RSext(t) in Eq. 11 is the arrival rate of S to the liver from 

the GIT which depends on the way the drug enters the circulatory system in the liver area and may have the 

following forms : 

• I.V bolus injection: RSext(t) = 0 and the system of equation 12  has to be solved with the initial 

condition ps(t = 0) = S0 > 0. 

• Zero-order input : RSext(t) = k0 for t ≤ Ta and 0 for t > Ta, where k0 is a constant and (Ta) is the duration of 

input from the GIT. The system of equation 13 has to be solved with the initial condition ps(t = 0) = 0. 

• First-order input : RSext(t) = kα × X0 × e−kα·t where X0 is a constant quantity (initial concentration of drug 

in the GIT) and ka is the first-order rate constant. Here, also it has been solved with the initial 

condition ps (t = 0) = 0. 

(- a1ps) in equation 11 represents the rate of exit of the drug molecule, and the whole term after the plus sign 

represents the number of drug molecules that exit at time u and the other term is the probability that a drug 

molecule that exits at u will return at the liver at time t. We integrate to account for the contribution from all 

times 0 < u < t. 

So, equation 12 gave the generalized rule for the change in concentration due to hepatic metabolism [65]. 

This assumption took into consideration the re-entrance of the molecules each time the blood enters the liver. This 

is a major difference from in –vitro enzyme binding studies.  

Application of this model on Monte –Carlo simulation and fitness of data of mibefradil by the same research 

group [58], lead to the development of the time-dependent Km in MM equation which provides a more realistic 

approach than the conventional MM formalism knowing that equation 13 Was not derived empirically but it was 

based on MC simulation. s [66]. 

This version of the MM equation reveals that the rate of the enzyme reaction depends on ps and t. This time 

dependency of KM(KM = KM0 × th) and (h) is dimensionless exponent, leads to an increase of this term with time 

(depending also on the value of the exponent, h). This characteristic constitutes the underlying cause for the 

successful application equation 13 to mibefradil data. 

This particular effort infers that fractal kinetics moved from theory to application in which a more realistic dealing 

with drug metabolism and elimination applied. 

CONCLUSION 

The aspect of fractal kinetic has been studied by many researchers starting from mathematics and physiology. 

These studies gave a much better understanding of the heterogeneity of different processes in the human body. 

The description of these heterogeneous processes involved the basic processes of biopharmaceutics and 

pharmacokinetics like drug absorption, distribution, and elimination processes via enzymatic reaction in the 

liver. These new models are developing and need further work to bring them into an application. 
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